In this study, the modeling and formulation for tether motion with time-varying length, large rotation, large displacement and large deformation are proposed. A tether or cable is an important element in lift systems, construction machines for transportation and often is used with a time-varying length. In some cases, these systems are large and the tether has a long length, large deformation and large displacement. The dynamic behavior of a tether in extension and retraction using the proposed method is discussed in this paper. In the passage through resonance, significant tether motions with large rotation and large deformation result. In the analysis of this phenomenon, the transient fluctuations of the motion amplitudes are examined and compared with the corresponding steady state motions. The accuracy and the cost of the calculations are also verified by comparison with the experimental results.
Introduction
Tethers experiencing extension and retraction are important components of some mechanical systems and play a pivotal role. Its behavior during the mission is complex due to the large displacement, large deformation and time-varying length.
In the modeling and formulation of the dynamic behavior of flexible bodies with large rotation, large displacement and large deformation, Absolute Nodal Coordinate Formulation (ANCF) is often used (1) - (3) . In this approach, the resulting constant mass matrix leads to an improvement of the accuracy and reduces the calculation costs. The main interest of this study is to develop the modeling and formulation for the resulting constant mass matrix despite the time-varying length of the tether. In the finite element approach for tether system motion in extension and retraction, the mass matrix is generally time dependent due to the time-varying length of the tether. This leads to long simulation times and high calculation costs. Thus, the development of an efficient numerical algorithm to predict the long-term dynamic behavior of such systems is needed (4) (5) .
The feature of the proposed method in this study is the introduction of relevant dimensionless variables and the application of the method of multiple scales with nonlinear time scales in the modeling and formulation (6) (7) in ANCF. New nodal coordinates and a shape function are also introduced. The introduced nonlinear time scales, which correspond to the period of the first mode natural frequency of the tether fixed at both ends, is defined by using the number of elements and dimensionless element length. The new nodal coordinates, the new shape function and the multiple nonlinear time scales lead to the constant mass matrix in ANCF despite the time-varying length of the tether.
MODELING AND FORMULATION

General ANCF For Flexible Bodies
ANCF uses the slope of the element as nodal coordinates. Herewith, this method can express the motion with large rotation, displacement, deformation and also rigid mode translation. One element located in the absolute coordinates XYZ O − is shown in Figure  1 e e e e e e e e The following dimensionless variables, which are identified by an asterisk, are used:
where l is the initial length of the tether, max L is the maximum length of the tether,
, ρ is the density of the tether, a is the sectional area of the tether and t f is the tension acting on the bottom end of the tether. Introducing these dimensionless variables, the global position vector r can be written as
ANCF with Relevant Dimensionless Variables and The Method of Multiple Scales
The above dimensionless variables are applied to the representation of the kinetic energy and the elastic potential energy for one element.
The kinetic energy for one element e T is represented as
Applying the dimensionless variables, one can obtain the following expression:
where
The inertial coordinate system is used to derive the strain energy of the element. A deformed element is shown in Figure 2 . If the point O on the element is selected as the reference point, the components of the relative displacement of an arbitrary point with respect to point O can be defined in the inertial coordinate system as A unit vector j perpendicular to i can be obtained as
where k is a unit vector along the Z axis. The longitudinal and transverse displacement of the element can be defined as follows and is shown in Figure 2 .
Equation (15) can be rewritten with the dimensionless variables as
Using the above expressions, the elastic potential energy of one element e V is represented as
Figure 2 Deformed element where E is Young's modulus and I is the geometrical moment of inertia. This leads to the dimensionless expression as follows: 
where N is the number of elements. This time scale corresponds to the period of the first mode oscillation of the tether fixed at both ends. The slow time scale is also defined as follows: 
Journal of System Design and Dynamics
Vol. 1, No. 3, 2007 It is also the ratio of the transport speed of the tether to the propagation speed of the lateral wave in the tether and is regarded as a small parameter. Using the above new time scales, (23) and (24) and applying the partial differential operators (21) and (22), the following expansions of the kinetic energy and elastic potential energy are obtained. The first-order expressions for the kinetic energy and the elastic potential energy are as follows:
The kinetic energy is rewritten as 
Equation of Motion
The first-order Lagrangian is defined as e is the nodal coordinate of the tether, By performing an experiment and comparing the experimental results with the numerical results, the validity of this modeling and formulation is verified.
The take-up roller at the tether upper end is shown in Figure 3 . The winding tether on the take-up roller is shown in Figure 4 . The specification of the motor of the take-up roller is shown in Table 1 . CR (polychloroprene) rubber is used as the tether material, and its specification is shown in Table 2 . Then, by activating the hinge assembly, the tether is moved and measured.
The motion of the tether is measured by a three-dimensional measuring system with two CCD cameras. This system measures the displacement of the markers on the tether every 10 (cm). The tether is wound on the take-up roller on the hinge assembly. The upper end of the tether is excited sinusoidally. The configuration of the experiment is shown in Figure 5 ; the frequency of excitation is ( ) The passage through the resonance of the first mode oscillation occurs during the retraction.
Fig. 5 Experimental setup
The tether shapes at every 0.1 second during the retraction are shown in Figures 6, 7 and 8. These figures are produced for the following physical periods: Figures 6 and 7 show the shape of the tether passing through and after the resonance point of the first mode oscillation; Figure 8 represents the shape when the tether is greatly reeled. The numerical results of the shape of the tether are in good qualitative agreement with the experimental results. During the passage through resonance, the amplitude becomes large with the first mode oscillation. After the resonance, in Figure 7 , the amplitude becomes small. When the length of the tether becomes shorter, as shown in Figure 8 , the amplitude of the oscillations becomes large again due to the effect of the "shortening like spaghetti" problem (8) . The tether motion with local oscillation is found in these numerical results because the damping force against bending force of tether element is not considered. The numerical and experimental results of the displacement in the horizontal direction of the upper end of the tether are compared in Figure 9 . Figure 10 shows the displacement of the lower end of the tether.
The experimental results are slightly larger than the numerical ones in Figure 10 . The numerical and experimental results show that once the amplitude becomes larger during the passage through resonance, it becomes large again when it is shortened.
In extension and retraction, the amplitude during the passage through resonance varies as shown in Figures 11. The comparison between the calculation time using the existing nodal coordinates and the new coordinates is shown in Table 3 .
These results show that the proposed approach reduces the calculation costs to 20% of those of the existing approach. Therefore, it is recognized that this approach is effective in terms of calculation costs.
CONCLUSION
The modeling and formulation for tether motion with time-varying length, large rotation, large displacement and large deformation were proposed. Relevant dimensionless variables and the method of multiple scales with nonlinear time scales were applied in the modeling and formulation in ANCF. The new nodal coordinates and shape functions were also introduced using new expression for the slope of the element shape. The new nodal coordinates and shape functions lead to the constant mass matrix despite the time-varying length with multiple nonlinear time scales. We also performed the experiment for tether system motion in extension and retraction.
The passage through the resonance phenomena in extension and retraction was examined and the validity of the proposed method was verified by comparing the numerical results with the experimental ones. Passage through resonance phenomena and the effect of the "shortening like spaghetti" problem were verified simultaneously in the retraction.
This proposed method reduced the calculation costs remarkably with the accuracy in first order approximation due to the constant matrix.
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